
A New E�cient Algorithm for Validating Chebyshev
Approximations of LODE Solutions

Nicolas BRISEBARRE, Mioara JOLDES, and Florent BREHARD

ENS de Lyon and LAAS-CNRS

January 16, 2017

JNCF 2017, Marseille, CIRM

1/25



The Spacecraft Rendez-Vous Problem

ISS

shuttle

Linearized Equation of the In-Plane Motion

z ′′(t) +

(
4− 3

1+ e cos t

)
z(t) = c

Approximating solutions with polynomials.

Validating approximate solutions with certi�ed error bounds.
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Linear Ordinary Di�erential Equations

Linear Ordinary Di�erential Equation over compact interval I :

f (r)(t) + ar−1(t)f
(r−1)(t) + · · ·+ a1(t)f

′(t) + a0(t)f (t) = g(t).

The functions ai and g are supposed to be at least continuous.

Initial Value Problem (IVP) at t0 ∈ I :

f (t0) = v0 f ′(t0) = v1 . . . f (r−1)(t0) = vr−1.

This is an in�nite-dimensional linear problem:

L = ∂r + ar−1∂
r−1 + · · ·+ a1∂ + a0 : Cr (I )→ C0(I ),

Bt0 : f 7→
(
f (t0), f

′(t0), . . . , f
(r−1)(t0)

)
: Cr (I )→ Rr .

{
L · f = g ,
Bt0 · f = (v0, . . . , vr−1).

Example

L = ∂2 + 4− 3

1+ e cos t

B · z = (z(t0), z
′(t0))
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Existence and Uniqueness of the Solution

Theorem (Picard-Lindelöf � linear case)

The linear operator:

(L,Bt0) : Cr (I )→ C0(I )× Rr ,

is a (bicontinuous) isomorphism,

which means that:

The solutions of the linear di�erential equation form a r -dimensional
a�ne space.

For �xed initial conditions at t0, there is one and only one solution.

Some problems:

How to �nd approximate solutions?

How to bound the error of an approximate solution?
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Reformulation with Integral Operator

Let ϕ = f (r) ∈ C0(I ) with f (t0) = v0 . . . f
(r−1)(t0) = vr−1.

Then for i ∈ [0, r − 1]:

f (i)(t) =
r−1∑
j=i

(t − t0)
j−i

(j − i)!
vj +

∫ t

t0

∫ s1

t0

. . .

∫ sr−1−i

t0

ϕds1 . . . dsr−i .

We get an integral reformulation:

ϕ+K · ϕ = ψ,

where:
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Chebyshev Polynomials

The Chebyshev family of polynomials:

T0(X ) = 1,

T1(X ) = X ,

Tn+2(X ) = 2XTn+1(X )− Tn(X ).

Trigonometric relation:

Tn(cosϑ) = cos nϑ.

⇒ ∀t ∈ [−1, 1], |Tn(t)| ≤ 1.

We de�ne T−n = Tn for n ≥ 0.

Multiplication:

TnTm =
1

2
(Tn+m + Tn−m).

Integration: ∫
Tn =

1

2

(
Tn+1

n + 1
− Tn−1

n − 1

)
.
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Chebyshev Series

Scalar product:

〈f , g〉 =
∫ 1

−1

f (t)g(t)√
1− t2

dt

=

∫ π

0

f (cosϑ)g(cosϑ)dϑ.

Orthogonality relations:

〈Tn,Tm〉 =

 0 if n 6= ±m,
π if n = m = 0,
π
2

if n = ±m 6= 0.

Chebyshev coe�cients:

an =
1

π

∫ π

0

f (cosϑ) cos nϑdϑ, n ∈ Z.

Chebyshev series:

f̂ (t) =
∑
n∈Z

anTn(t), t ∈ [−1, 1].

Main question:

f = f̂ ? (in which sense?)
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Convergence Theorems for Chebyshev Series

Let f̂ [N] =
∑
|n|≤N anTn.

Theorem

If f is in L2(1/
√
1− t2) over [−1, 1], then f̂ [N] converges to f in

L2(1/
√
1− t2).

Theorem

If f is continuous and admits left and right derivatives at x ∈ [−1, 1],
then f̂ [N](x)→ f (x) as N →∞.

1-norm in ×1:

‖f ‖×1 =
∑
n∈Z
|an|

≥ ‖f ‖∞ ×
1 = {f | ‖f ‖×1 <∞}

×
1 is a Banach space. C1 ⊂ ×1 ⊂ C0

Theorem

If f is Cr (r ≥ 1), then an = O(n−r ).
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Approximating our Example

Approximation of t 7→ 4− 3

1+ e cos t
over [−1, 1] (e = 0.5):

−1 11.5

2

α(t)

−1 11.5

2
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α(t)
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1.82
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Approximation of t 7→ 4− 3

1+ e cos t
over [−1, 1] (e = 0.5):

−1 11.5

2

α(t)

−1 11.5

2

1.82−0.18T2(t)

|α(t)− (1.82− 0.18T2(t))| ≤ 0.007
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The Almost-Banded Structure of the Operator K

K · ϕ(t) =
r−1∑
j=0

aj(t)

∫ t

t0

(t − s)r−1−j

(r − 1− j)!
ϕ(s)ds

=
r−1∑
j=0

βj(t)

∫ t

t0

Tj(s)ϕ(s)ds.

Ti TjTi
∫ t

t0
TjTi βj

∫ t

−1 TjTi

0

i

0

i − j

i + j

0

1/i

i − j − 1

i + j + 1

‖βj‖×1/i2

−deg βj
deg βj

‖βj‖×1/i

i − j − 1− deg βj

i + j + 1+ deg βj

h = max
0≤j<r

deg βj , d = max
0≤j<r

(j + 1+ deg βj).

⇒ K is an (h, d)-almost banded operator.
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The Almost-Banded Structure of the Operator K

j = 0↓

i = 0

→

The in�nite-dimensional operator K.
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The Almost-Banded Structure of the Operator K

j = 0↓

i = 0

→

The �nal-dimensional truncation K[N].
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The Almost-Banded Structure of the Operator K - Example

K · ϕ = t

(
4− 3

1+ e cos t

)∫ t

t0

ϕ(s)ds +

(
−4+ 3

1+ e cos t

)∫ t

t0

sϕ(s)ds

17/25



The Almost-Banded Structure of the Operator K - Example

K · ϕ ≈ t(1.82− 0.18T2(t))

∫ t

t0

ϕ(s)ds + (−1.82+ 0.18T2(t))

∫ t

t0

sϕ(s)ds
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Approximate Solution - Example

We want to solve z ′′(t) +
(
4− 3

1+0.5 cos t

)
z(t) = c with z(−1) = 0,

z ′(−1) = 1 and c = 1.

≈

Equivalent to
(
I+K

[N]

)
· ϕ = ψ where ϕ = z ′′.

We have a matrix representation of I+K[N].

ψ ≈ −0.82T0 − 1.73T1 + 0.18T2 + 0.09T3.

Hence, by inverting the linear system, we get:

ϕ̃ = −0.6T0 − 1.19T1 + 0.62T2 + 0.17T3 − 0.05T4 − 0.01T5

+ 2.1 · 10−3T6 + 3.2 · 10−3T7 − 5.8 · 10−5T8 − 7.6 · 10−6T9 + 1.2 · 10−6T10

+ 1.4 · 10−7T11 − 1.9 · 10−8T12 − 2.0 · 10−9T13 + 2.6 · 10−10T14 + 2.5 · 10−11T15

− 3.0 · 10−12T16 − 2.6 · 10−13T17 + 3.0 · 10−14T18 + 2.5 · 10−15T19 − 2.6 · 10−16T20
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General Ideas for Validation of Linear Problems

Recall: For the integral equation of unknown ϕ

(I+K) · ϕ = ψ,

we want to validate an approximate solution ϕ̃:

‖ϕ̃− ϕ∗‖×1 .

Reformulation as a �xed point equation:

ϕ+K · ϕ = ψ ⇔ T · ϕ = ϕ,

T · ϕ = ϕ−A · (ϕ+K · ϕ− ψ) , A ≈ (I+K)−1 injective.

If ‖DT‖×1 = ‖I−A (I+K)‖×1 = k < 1, T is contractive and we
get a tight enclosure of the approximation error:

‖T · ϕ̃− ϕ̃‖×1

1+ k
≤ ‖ϕ̃− ϕ∗‖×1 ≤ ‖T · ϕ̃− ϕ̃‖×

1

1− k
.
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Computing an Approximate Inverse Matrix

We are looking for an approximate inverse matrix:

A ≈ (I+K)−1.

Two possible approximation methods:

Computing the (dense) inverse, using Olver and Townsend's
algorithm: O(n2(h + d)).

 

Computing an (h′, d ′) almost-banded approximate inverse:
O(n(h′ + d ′)(h + d)).
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Approximate Inverse for our Example
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Computing the Operator Norm (1/2)

Decomposition of the operator norm:

‖I−A(I+K)‖×1 ≤ ‖I−A(I+K[N])‖×1 + ‖A(K−K[N])‖×1 .

Addition and Multiplication are trivially handled.

Computing ×1-norm = maximum of 1-norms of the columns.

With (h′, d ′)-almost-banded A: O(n(h′ + d ′)(h + d)).

Example

In our case, the approximation error is:

‖I−A
(
I+K[N]

)
‖×1 ≤ 1.5 · 10−3
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Computing the Operator Norm (2/2)

‖I−A(I+K)‖×1 ≤ ‖I−A(I+K[N])‖×1 + ‖A(K−K[N])‖×1 .

K

Truncation error of the example

1.3 · 10−3 5.2 · 10−3 ⇒ 1.21 · 10−2
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Bring our Example to the End

k ≤ 1.5 · 10−3 + 1.21 · 10−2.

‖T · ϕ̃− ϕ̃‖×1 = ‖A(ϕ̃+K · ϕ̃− ψ)‖×1 = 6.48 · 10−16.
Hence:

6.48 · 10−16

1+ k
≤ ‖ϕ̃− ϕ∗‖×1 ≤ 6.48 · 10−16

1− k
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‖T · ϕ̃− ϕ̃‖×1 = ‖A(ϕ̃+K · ϕ̃− ψ)‖×1 = 6.48 · 10−16.
Hence:

6.39 · 10−16 ≤ ‖ϕ̃− ϕ∗‖×1 ≤ 6.57 · 10−16
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Conclusion and Possible Extensions

A general software to certify Chebyshev approximations of solutions
of LODEs with polynomial coe�cients.

A simple generalization to LODEs with continuous coe�cients.

Future directions:

Non-linear ODEs.
Other orthogonal families of polynomials.

A COQ implementation to certify this algorithm.
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