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We present a new algorithm of formal reduction of first order systems of
differential equations with singularities of pole type at the origine:

[𝐴] : 𝑌 ′ = 𝐴(𝑥)𝑌, (1)

where 𝐴 is an 𝑛-dimensional formal meromorphic power series matrix over a
field 𝑘 ⊂ C.

The formal reduction refers here to the process of splitting the given system
of dimension 𝑛 into subsystems of smaller dimension using formal gauge trans-
formation 𝑌 = 𝑃𝑍 where 𝑃 ∈ 𝐺𝐿𝑛(𝑘((𝑥))).
We say that [𝐴] is decomposable over 𝑘((𝑥)) if there exists 𝑃 ∈ 𝐺𝐿𝑛(𝑘((𝑥)))
such that :

𝑃 [𝐴] := 𝑃 −1𝐴𝑃 − 𝑃 −1𝑃 ′ =

⎛⎜⎝ 𝐵1 0
. . .

0 𝐵𝑚

⎞⎟⎠ (2)

where 𝑚 ≥ 2 and 𝐵𝑖 is a square matrix of size 𝑛𝑖 < 𝑛. We know from [3] that
such a transformation 𝑃 can be constructed using a suitable element in ℰ𝑘((𝑥)),
the local eigenring of [𝐴] defined as:

ℰ𝑘((𝑥))([𝐴]) = {𝑇 ∈ ℳ𝑛(𝑘((𝑥))/𝑇 ′ = 𝐴𝑇 − 𝑇𝐴}.

Algorithms for computing ℰ𝑘((𝑥))([𝐴]) exist (see [2]).
Our approach consists in first computing a maximal decomposition of [𝐴] over
𝑘((𝑥)), which means that each sub-system [𝐵𝑖] in (2) is indecomposable over
𝑘((𝑥)); we then proceed by trying to decompose each sub-system [𝐵𝑖] over a
suitable algebraic extension of 𝑘((𝑥)), to be determined. It turns out that it
is sufficient to look for solutions of the equation 𝑇 ′ = 𝐵𝑖𝑇 − 𝑇𝐵𝑖 of the form
𝑇 = 𝑥𝛼

∑︀
𝑖≥0 𝑥𝑖𝑇𝑖 with 𝛼 = 𝑚

𝑠 ∈ Q. Once we find such a 𝑇 , we consider the
ramification 𝑥 = 𝑡𝑠 in order to obtain a more refined decomposition. We note
that this decomposition corresponds to the structure of the formal fundamental
matrix solution of system [𝐴] (see [1]). Hence we will discuss how we can recover
the exponential parts of the system.
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